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Abstract
Let 1 and 2 belong to {±1}. When the 1-surgery along a knot K1 in S3 produces the same homology
sphere as the 2-surgery along a knot K2 in S3, then the Casson surgery formula implies that 1′′K1 (1) =
2′′K2 (1), where (t) denotes the symmetric Alexander polynomial. For any pair (1(t); 2(t)) of possible
knot Alexander polynomials such that 1′′1 (1) = 2
′′
2 (1), we exhibit a pair (K1; K2) of knots in S
3 such
that K1 (t) = 1(t), K2 (t) = 2(t) and the 1-surgery along K1 produces the same homology sphere as the
2-surgery along K2.
? 2003 Elsevier Ltd. All rights reserved.
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1. Introduction
Let H be an integral homology 3-sphere. A framed knot (colored knot, resp.) in H is a pair
K= (K; 	) such that K is a knot in H and 	 is an integer (a rational number 	= q=p or ∞, resp.)
which is called the framing for K (coloring for K, resp.). A framed link (colored link, resp.) is a
link L= K1 ∪ · · · ∪ Kn with an n-tuple L= (K1; : : : ;Kn), where Ki = (Ki; 	i) is a framed knot (a
colored knot, resp.) in H . We let E(L) denote the exterior H − 6N(L) of a link L in H . For a framed
(colored, resp.) link L in H , a simple closed curve li in each component of @E(L) corresponding
to @N (Ki) is uniquely determined up to isotopy by 	i for Ki in such a way that [li] represents an
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element (pi; qi)∈H1(@N (Ki)) such that 	i=qi=pi, where (1; 0) represents the homology class of the
preferred longitude and (0; 1) the meridian of Ki. By attaching a solid torus Vi to each component
of @E(L) so that the boundary of a meridian disk of Vi is glued to li, we obtain a closed 3-manifold
(H ;L) = E(L) ∪⋃ni=1 Vi, so called a surgery manifold. The construction H → (H ;L) is called
a surgery along L. It is known that any closed orientable 3-manifold is a surgery manifold of
some framed link in S3, and if two framed links determine the same surgery manifold, then they
are related by a Dnite sequence of Kirby moves [5].
LetK1=(K1; 	1) andK2=(K2; 	2) be framed knots yielding the same surgery manifold. We study
the following problem. How do the Conway polynomials ∇K1(z) and ∇K2(z) relate to each other?
Here we shall specify each framing to ±1 and 0 to simplify arguments. The Alexander–Conway
polynomial is a typical example of classical polynomial invariants for knots and links in homology
spheres. See Section 2 for a precise and short review.
When 	1 = 	2 = 0, the surgery manifold M is a homology handle, that is, a 3-manifold with the
inDnite cyclic homology group H1(M) = Z, and it is well known that the Conway polynomials of
K1 and K2 coincide and the polynomial is called the associated Conway polynomial of M. Several
examples of non-equivalent knots which yield the same homology handle via 0-frame surgeries have
been constructed. In [11], Teragaito gave Dnite sequences of pairwise distinct such satellite knots of
arbitrarily large numbers. In [4], Kawauchi constructed mutative hyperbolic knots which yield the
same hyperbolic homology handle and non-isometric but mutative 1-surgery hyperbolic homology
spheres.
In the case where 	1=1 ∈{−1;+1} and 	2=2 ∈{−1;+1}, the surgery manifold is an integral ho-
mology sphere. In this case, the Alexander polynomials can diIer [8]. In 1985, Casson introduced an
integer valued invariant for oriented integral homology spheres, that counts the SU (2)-representations
of their fundamental groups in some sense. See [1,10] for reviews and see [12,6] for more general
surgery formula and extension of Casson invariant for general 3-manifolds. This Casson invariant
is denoted by (·). It satisDes the following Casson surgery formula for any knot K in a homology
sphere H , and for any ∈{−1;+1}:
((H ; (K; )))− (H) = a2(K);
where the coeJcient for zn in the Conway polynomial ∇K(z) is denoted by an(K). In particular,
when (H ; (K1; 1)) = (H ; (K2; 2)), then 1a2(K1) = 2a2(K2). In this paper, we show that there is
no other restriction for the Alexander polynomials of K1 and K2 by proving the following theorem:
Theorem 1.1. Let H be a homology sphere. Let f1(z) =
∑n
i=2 ciz
2i and f2(z) =
∑m
i=2 diz
2i be
two polynomials in z2. For any 1; 2 ∈{−1; 1} and for any integer a∈Z, there exist framed knots
K1=(K1; 1) andK2=(K2; 2) in H such that ∇K1(z)=1+2az2+f1(z), ∇K2(z)=1+1az2+f2(z),
and (H ;K1) = (H ;K2).
The construction of the knots K1 and K2 will be explicit. As soon as f1(z) is diIerent from f2(z),
0-surgeries along K1 and K2 produce distinct manifolds.
This paper is organized as follows. In Section 2, we give a short review of Alexander–Conway
polynomials and show some basic lemmas. In Section 3, we prove the theorem by constructing
the knots with given Alexander polynomials. In Section 4, we apply our construction to prove that
for any two homology spheres H and H ′, and for any possible Conway polynomial ∇(z) whose
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a2-coeJcient divides into (H ′)−(H), H ′ can be obtained from H by a sequence of (±1)-surgeries
on knots with Conway polynomial ∇(z).
2. Preliminaries
In this paper, all coeJcients of homology groups are assumed to be integers Z and a homology
sphere means an integral homology sphere.
Let H be a homology sphere. It is known that any oriented knot or link L bounds a Seifert
surface S, that is, a compact connected oriented 2-manifold S embedded in H with oriented boundary
@S = L = S ∩ L. A family v˜ = (J1; : : : ; Jn) of oriented simple closed curves Ji’s in S is called a
basis of S (or H1(S)) if the homology classes [J1]; : : : ; [Jn] generate H1(S) and n = rank(H1(S)).
For a simple closed curve J in S, we let J+ denote a simple closed curve in H which is obtained
from J by pushing forward to the positive side of S.
Let L be an oriented link, and S a Seifert surface for L. Let v˜=(v1; : : : ; vn) be a basis of H1(S). The
matrix (lk(vi; v+j )) is denoted by VS; v˜, or simply by VS , which we call the associated Seifert matrix
of S. The polynomial det(t1=2VS− t−1=2V TS ) is called the Alexander polynomial of L associated with
S. It is known that the associated Alexander polynomials are independent of the choice of S and v˜,
and the polynomial, denoted by L(t), is called the Alexander polynomial of L. (See [10, Lecture
7, 6, Appendix] for details.)
For a link L in H and a colored knot K in H that is disjoint from L, let (L;K) denote the
link in (H ;K) that is obtained from L by surgery along K. Note that if K = (K; 1=n) and if K
is a trivial knot, then (H ;K) is homeomorphic to H and L′ = (L;K) is obtained from L by the
(−n)-full twists along K .
Note the following lemma:
Lemma 2.1. Let K1 and K2 be two disjoint knots in H. Let (J; ) be a 1=n-colored knot in H
disjoint from the link K1 ∪ K2. Then in the surgery manifold H ′ = (H ; (J; 1=n)),
lkH ′((K1; (J; 1=n)); (K2; (J; 1=n)))
=lkH (K1; K2)− n · lkH (K1; J ) · lkH (K2; J ):
Proof. This follows by a homological argument. (Cf. Fig. 1. The crossings encircled contribute
−lk(K1; J ) · lk(K2; J ).)
The Conway polynomial ∇L(z) and the Alexander polynomial L(t) are related to each other via
z = t−1=2 − t1=2 and 12′′L (1) is equal to the coeJcient a2(L) of z2 in ∇L(z).
3. Proof of Theorem 1.1
For an integer e and an n-tuple (c1; : : : ; cn) of integers, we denote by Ke(c1; : : : ; cn) the knot
illustrated in Fig. 2, where ci represents the ci-full-twists of two arcs. It is easy to see that
K0(c1; : : : ; cn) is a trivial knot and K±1(c1; : : : ; cn) has unknotting number one.
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K1 K2
(J ,1)
χ(K1; (J ,1)) χ(K2; (J,1))
Fig. 1. EIect of the 1-surgery of K1 ∪ K2 along J .
C C2 Cn-1 Cn1
e
c c21 c cn-
Fig. 2. Ke(c1; : : : ; cn).
Notice that the matrix
Ae; (c1 ;:::;cn) =


e −1
0 c1 1
1 0 −1
0 c2 1
. . . . . . . . .
1 0 −1
0 cn−1 1
1 0 −1
0 cn


is realized as a Seifert matrix of the knot Ke(c1; : : : ; cn). The corresponding Seifert surface of genus
n and the basis {x1; y1; : : : ; xn; yn} are indicated in Fig. 3 when e =−1.
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x1
x2
x3
y1
y2 y3 yn
Fig. 3. A generator corresponding to the matrix A−1; (c1 ;:::;cn).
Lemma 3.1.
det
(
t1=2Ae; (c1 ;:::;cn) − t−1=2ATe; (c1 ;:::;cn)
)
= 1− e
n∑
i=1
(−1)ici(t1=2 − t−1=2)2i :
Proof. The proof will be done by induction on n. When n= 1,
Ae; (c1) =
(
e −1
0 c1
)
and det(t1=2Ae; (c1) − t−1=2ATe; (c1)) = 1 + ec1(t1=2 − t−1=2)2. The conclusion follows.
Assume that n¿ 1. First observe the following:
Lemma 3.2. Let Ue; (c1 ;:::;cn) be the ((2n−1)×(2n−1))-submatrix of Ae; (c1 ;:::;cn) obtained by removing
the 2nth row and column. Then,
det
(
t1=2Ue; (c1 ;:::;cn) − t−1=2UTe; (c1 ;:::;cn)
)
= (−1)n−1e(t1=2 − t−1=2)2n−1:
Proof. We leave the proof to the reader.
Expanding with respect to the last column shows that
det
(
t1=2Ae; (c1 ;:::;cn−1 ;cn) − t−1=2ATe; (c1 ;:::;cn−1 ;cn)
)
=− zcndet
(
t1=2Ue; (c1 ;:::;cn−1) − t−1=2UTe; (c1 ;:::;cn)
)
+ det
(
t1=2Ae; (c1 ;:::;cn−1) − t−1=2ATe; (c1 ;:::;cn−1)
)
=1− e
n∑
i=1
ci(−1)i(t1=2 − t−1=2)2i :
This completes the proof.
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Remark 3.3. Several methods for constructing knots with given Alexander polynomials have been
observed. In [2], Fujii showed for a given Alexander polynomial (t) of some knot, there exist
inDnitely many 3-bridge, tunnel number one, and of unknotting number one knots K such that
K(t) = (t) by constructing concrete examples. See [2] for more references.
As a consequence of Lemma 3.1, we have
Proposition 3.4.
∇Ke(c1 ;:::;cn)(z) = 1− e
n∑
i=1
ci(−z2)i :
Let L(c1 ; :::; cn)(d1 ;:::;dm) = C1 ∪ C2 be the two-component link locally viewed as Fig. 4. It is clear that each
component Ci is unknotted and lk(C1; C2)= 0. Put K1 = (C1; (C2; 1=n2)) and K2 = (C2; (C1; 1=n1)).
Since C2 is unknotted, K1 is obtained from C1 by performing −n2 full twists along C2. Similarly,
K2 is obtained by twisting C2 along C1.
Then, we show the following:
Lemma 3.5.
• ∇K1(z) = 1− n2(c1 + d1)z2 + n2
∑n
i=2 ci(−z2)i,
and
• ∇K2(z) = 1− n1(c1 + d1)z2 + n1
∑m
i=2 di(−z2)i.
Proof. Span a Seifert surface S1 of genus n to C1 disjoint from C2 as in the Dgure, by performing a
peripheral tubing on the side indicated in Fig. 4. Take a basis v˜1=(x1; y1; x2; y2; : : : ; xn; yn) of H1(S1)
CC2Cn 1 y1
1x
C C2 Cn-1 Cn1C Cn-1 C C1 dmdmd2d1c c c 2-c -1 1
↑
C1
↑
C2
Fig. 4. L(c1 ; :::; cn)(d1 ;:::;dm) = C1 ∪ C2.
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so that
• x1 represents a meridian of the tube,
• y1 goes through the tube once satisfying lk(y1; C2) = 0 as in Fig. 4,
• x2; y2; : : : ; xn; yn are the same as in Fig. 3, and
• VS1 ;˜v1 = A0; (c1 ;c2 ;:::;cn).
Since K1 is obtained from C1 by performing the (1=n2)-surgery on C2, we see that the Seifert
form matches A−n2 ;(c1+d1 ;c2 ;:::;cn) by Lemma 2.1. Now it follows from Lemma 3.1 that ∇K1(z) =
1− n2(c1 + d1)z2 + n2
∑n
i=2 ci(−z2)i.
By the same argument, we get the K2 from C2 by surgery along (C1; 1=n1) such that ∇K2(z) =
1− n1(c1 + d1)z2 + n1
∑m
i=2 di(−z2)i.
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. Put c′1 = −a; d′1 = 0; c′i = (−1)i2ci, and d′i = (−1)i1di. Let L(c
′
1 ; c
′
2 ; :::; c
′
n)
(d′1 ;d
′
2 ;:::;d
′
m)
=
C1 ∪ C2 be the two-component link in H locally viewed as Fig. 4. Put K1 = (C1; (C2; 2)) and
K2=(C2; (C1; 1)). Since Ci is unknotted, the i-surgery on Ci does not change the ambient manifold
H . Thus each Ki is a knot in H . Note that H ′=(H ; (K1; 1))=(H ; (K2; 2))=(H ; (C1; 1); (C2; 2))
and 2i =1. It follows from Lemma 3.5 that ∇K1(z) and ∇K2(z) have the desired forms. This completes
the proof.
In the rest of this section, we state related problems. In order to construct two knots K1 and
K2 yielding the homeomorphic homology spheres, one may begin with a two-component Brunnian
link C1 ∪ C2 with linking number 0, twist n1 times along C1 (n2 times along C2, resp.) and obtain
K2 from C2 as the result (C2; (K1; 1=n1)). (K1; C1 and (C1; (K2; 1=n2)) resp:) Note the following
proposition:
Proposition 3.6. Let K be a knot in a homology sphere H. Let C be a knot in H disjoint from K
such that lk(K; C)=0. Put H ′=(H ; (C;−1=n)) and K ′=(K ; (C;−1=n)). Then, ∇K ′(z)−∇K(z)=
nz2f(z) for some polynomial f(z) in z2.
Proof. Use Lemma 2.1 and consider a Seifert surface of K disjoint from C to compute K(t) and
K ′(t).
Our construction of colored knots (K1; 1=n1), (K2; 1=n2) deDning the same homology sphere always
produces ones with the property that n1a2i(K1)− n2a2i(K2) ≡ 0 mod n1n2 for each i¿ 0. In general,
this does not hold. For example, let K1 be a Dbered knot in S3, and K2 the (2; 1)-cable about K1.
Then it follows from [9, Proposition 1.1] that (S3; (K1; 1=4))= (S3; (K2; 1)) and K2 is also Dbered
of twice genus of K1. Thus, both ∇K1(z) and ∇K2(z) are monic.
Now it is natural to ask the following:
Question 3.7. Let n1; : : : ; nk be k integers. Let f1; : : : ; fi(z)=
∑mi
j=2 ci; jz
2j; : : : ; fk be k polynomials
in z2. For some a∈Z such that ni divides into a for each i, do there exist k knots K1; : : : ; Kk in
a homology sphere H such that ∇Ki(z) = 1 + (a=ni)z2 +fi(z) and they have surgeries de;ning the
same surgery homology sphere H ′ = (H ; (Ki; 1=ni))?
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4. Another application of the link construction
It is well known that each homology sphere is obtained from S3 by a Dnite number of (±1)-
surgeries on knots [1,10]. In [7], Lescop showed that two integral homology spheres have the same
Casson invariant if and only if they are related by a Dnite sequence of (±1)-surgeries on knots
each of which has the Alexander polynomial equal to 1. In [3], by using [7, Theorem 1.1], Ishiwata
generalized this result by showing that any two homology spheres are related to each other by a
Dnite sequence of (±1)-surgeries on knots with some Dxed Alexander polynomial. As an application
of our argument, together with Lescop’s result [7, Theorem 1.1], we can generalize Ishiwata’s result
[3, Theorem 1.2] in the following sense:
Theorem 4.1. Let H and H ′ be two integral homology spheres, k an integer, and (t)
knot-Alexander polynomial with 12
′′(1) = k. Then the Casson invariants (H) and (H ′)
coincide modulo k if and only if H ′ is obtained from H by surgery on a framed boundary link
L in H such that each framing is 1 or −1 and the Alexander polynomial of each component is
(t) in H.
Proof. We can obtain a homology sphere H ∗ with (H ∗) = (H ′) from H by a Dnite sequence of
(±1)-surgery on knots K with K(t)=(t) since (H) ≡ (H ′) mod k. By Lescop [7, Theorem 1.1],
H ′ is obtained from H ∗ by a Dnite sequence of (+1)- and/or (−1)-surgeries
H ∗ = PH 1
PK1→ PH 2 PK2→· · · PKn→ PHn+1 = H ′
with  PKi⊂ PHi(t) = 1.
To proceed further we generalize [3, Lemma 2.1] in the following:
Lemma 4.2. Let H and H ′ be integral homology spheres. Suppose that H ′ is obtained from H by
surgery on a framed knot (K; ) with K(t) = 1. Then for any Alexander polynomial (t), there
is a surgery sequence H
(K1 ; )−−→H+(K2 ;−)−−−→H ′ such that K1⊂H (t) = K2⊂H+(t) = (t).
Proof. Put f(z)=(t)|t1=2−t−1=2=−z. Then we have f(z)=1+ 
∑m
i=1 ci(−z2)i for some (c1; : : : ; cm).
Let L(c1 ; c2 ; :::; cm)(0; c2 ;:::;cm) = C1 ∪ C2 be the link illustrated in Fig. 4, where m = n; d1 = 0; di = ci for i¿ 1.
We perform the -surgery along C2 and obtain a framed knot (C˜1; ) from (C1; ). Let (C∗2 ;−) be
the dual framed knot of (C2; ).
Put L′= C˜1 ∪C∗2 . Let B be a 3-ball in H such that B∩K consists of a trivial properly embedded
connected arc in B. We embed L′ in H locally so that L′ is contained in B and B∩K is still trivial
in B−L′. Then we perform a composition K1=K#C˜1 on K and C˜1 in B. Put H+=(H ; (K1; )) and
K2 = (C∗2 ; (K1; )) ⊂ H+. Now we see that K1⊂H (t)=(t) and K2⊂H+(t)=(t) by the argument
of Lemma 3.5. Clearly, the homology sphere (H ; (C∗2 ;−)) is homeomorphic to H since C∗2 is a
trivial knot in H and the framed knot ((K1; (C∗2 ;−)); ) is equivalent to (K; ) in H . Thus, we
have (H ; (K1; ); (C∗2 ;−)) = H ′ and we get the sequence H
(K1 ; )−−→H+(K2 ;−)−−−→H ′. This completes the
proof of Lemma 4.2.
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By replacing each PHi
PKi→ PHi+1 with the sequence PHi
PKi;1→ PH+i
PKi;2→ PHi+1 by using Lemma 4.2, we can
construct a sequence of (+1)- and/or (−1)-surgeries
H = H1
(K1 ; 1)−−−→H2 (K2 ; 2)−−−→· · · (KN ;N )−−−→HN+1 = H ′
with Ki⊂Hi(t)=(t). By Lescop [7, Lemma 2.9], we obtain a framed boundary link L in H from
this sequence. This completes the proof of Theorem 4.1.
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